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Exercise 8A — The fundamental theorem of 
integral calculus 
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Exercise 8B — Signed areas 
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   = 8 sq.units. 
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1
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−
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  Answer is E 
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2 0
( )d ( )df x x f x x
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−
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−
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3

 – 8 

   = 32
3

 

   = 10 2
3

 sq. units 

c  A = 5 1
3

 + 10 2
3

 

   = 16 sq. units 

 

11

   

a  A = 
0 3 2
2
( 2 )dx x x x

−
+ −∫  

   = 
04 3

2

2
4 3
x x x

−

 
+ − 

 
 

   = 0 – 84 4
3

 − − 
 

 

   = 8
3

 

   = 2 2
3

 sq. units 

b  A = 
1 3 2
0
( 2 )dx x x x− + −∫  

   = 
14 3

2

0
4 3
x x x
 

− + − 
 

 

   = 1 1 1
4 3
 − + −  

 

   = 5
12

 sq. units 

c  A = 2 2
3

 + 5
12

 

   = 3 1
12

 sq. units 

 

12

   

a  A = 4
0

(1 3cos2 )dx x
π

+∫  

   = 
4

0

3 sin 2
2

x x
π

 +  
 

   = 3 3sin 0 sin 0
4 2 2 2
π π   + − +   
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   = 3
4 2
π + 
 

 sq. units 

b  A = 3
4

(1 3cos2 )dx x
π
π +∫  

   = 
3
4

3 sin 2
2

x x
π

π

 +  
 

   = 3 3 3 3sin 2 sin
2 4 2 2

π ππ π   + − +   
   

 

   = π – 3
4
π  + 3

2
 

   = 
4
π  + 3

2
 

 

13

   

  A = ( )3

2
1 dx x−∫  

  = 
1

3
2

2
1 dx x

 
 −  
 

∫  

   = 

33
2

2

2
3
x x

 
 − 
  

 

   = 
( ) ( )3 3

2 3 2 2
3 2

3 3

   
   − − −   
   
   

 

   = 2 3 3 4 23 2
3 3

× − − +  

   = 4 22 3 1
3

 
− −  

 
 sq. units 

   ≃ 0.578 sq. units 

 

14

   

  A = 
2
1
2

1 dx
x∫  

   = [ ]2
1
2

loge x  

   = loge 2 – loge 1
2

 

   = loge 
2
1
2

 
 
 
 
 

 

   = loge 4 
   = loge 22 
   = 2 loge 2 sq. units 

 

15

   

  A = 
3

1
( 2)dxe x

−
+∫  

   = 
3

1
2xe x

−
 +   

   = (e3 + 6) – (e–1 – 2) 
   = (e3 – e–1 + 8) sq. units. 

Exercise 8C — Further areas 
1 a f(x) = x2 – 3x 
  i 

    
  ii  A = 

3 2
0

( 3 )dx x x− −∫  

   = 
33 2

0

3
3 2
x x 

− − 
 

 

   = 279
2

 − −  
 

   = 9
2

 − − 
 

 

   = 4 1
2

 sq. units 

b g(x) = (2 – x) (4 + x) 
   = 8 – 2x – x2 

  

i

  
  ii A = 

2 2
4
(8 2 )dx x x

−
− −∫  

   = 
23

2

4

8
3
xx x

−

 
− − 

 
 

   = 8 6416 4 32 16
3 3

   − − − − − +   
   

 

   = 60 – 72
3

 

   = 60 – 24 
   = 36 sq. units. 

 2  Sketch graph on graphics calculator to verify x-intercepts 
and terminals for each of the parts in this question 

a h(x) = (x + 3)(5 – x) 
  x-intercepts at x = –3 and 5, positive area 

 A = 
5

3
( 3)(5 )dx x x

−
+ −∫  

   = 
5 2
3
( 2 15)dx x x

−
− + +∫  
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   = 
53

2

3

15
3
x x x

−

 − + + 
 

 

   = 125 25 75
3

− + + 
 

 – (9 + 9 – 45) 

   = 85 1
3

 sq. units 

b h(x) = x2 + 5x – 6 
   = (x + 6)(x – 1) 
  x-intercepts at x = –6 and 1, negative area 

  A = –
1 2
6
( 5 6)dx x x

−
+ −∫  

   = 
13 2

6

5 6
3 2
x x x

−

 
− + − 
 

 

   = 1 5 2166 90 36
3 2 3

 −   − + − − + +        
 

   = 343
6

− − 
 

 

   = 57 1
6

 sq. units 

c g(x) = 8 – x2 
   = ( )( )8 8x x− +  

  x-intercepts at x = 8,±  positive area 

  A = 
8 2
8
(8 )dx x

−
−∫  

   = 
83

8

8
3
xx

−

 
− 

 
 

   = 8 8 8 88 8 8 8
3 3

   
− − − +      

   
 

   = 16 816 8
3

−  

   = 32 232 2
3

−  

   = 96 2 32 2
3
−  

   = 64 2
3

 

d g(x) = x3 – 4x2 
   = x2(x – 4) 
  x-intercepts at x = 0 and 4, negative area 

  A = 
4 3 2
0

( 4 )dx x x− −∫  

   = 
44 3

0

4
4 3
x x 

− − 
 

 

   = 25664 0
3

  − − −    
 

   = 121
3

 − − 
 

 

   = 121
3

 sq. units 

e f(x) = x(x – 2)(x – 3) 
   = x3 – 5x2 +6x 
  x-intercepts at x = 0, 2 and 3 
  positive area between x = 0 and 2 
  negative area between x = 2 and 3 

  A = 
2 33 2 3 2
0 2

( 5 6 )d ( 5 6 )dx x x x x x x x− + − − +∫ ∫  

   = 
2 34 3 4 3

2 2

0 2

5 53 3
4 3 4 3
x x x xx x

   
− + − − +   

   
 

   = 40 81 404 12 45 27 4 12
3 4 3

      − + − − + − − +      
      

 

   = 8 9 8
3 4 3

 − − 
 

 

   = 16 9
3 4

−  

   = 64 27
12
−  

   = 37
12

 

   = 3 1
12

 sq. units 

f f(x) = x3 – 4x2 – 4x +16 
   = (x – 4)(x – 2)(x + 2) 
  x-intercepts are at x = –2, 2 and 4 
  positive area between x = –2 and 2 
  negative area between x = 2 and 4 

 A = 
2 43 2 3 2
2 2
( 4 4 16)d ( 4 4 16)dx x x x x x x x

−
− − + − − − +∫ ∫  

  = 
24 3 4 3

2 2

2

4 42 16 2 16
4 3 4 3
x x x xx x x x

−

   
− − + − − − +   

   
 

  = 32 324 8 32 4 8 32
3 3

   − − + − + − −   
   

 

  256 3264 32 64 4 8 32
3 3

    − − − + − − − +        
 

  = 52 76 32 52
3 3 3 3

 −       − − −                
 

  = 148
3

 

  = 49 1
3

 sq. units 

g g(x) = x3 + 3x2 – x – 3 
   = (x – 1)(x + 1)(x + 3) 
 x-intercepts at x = –3, –1 and 1 
 positive area between x = –3 and –1 
 negative area between  x = –1 and 1 

  A = 
1 13 2 3 2
3 1

( 3 3)d ( 3 3)dx x x x x x x x
−

− −
+ − − − + − −∫ ∫  

   = 
1 14 2 4 2

3 3

3 1

3 3
4 2 4 2
x x x xx x x x

−

− −

   
+ − − − + − −   

   
 

   = 1 1 81 91 3 27 9
4 2 4 2

   − − + − − − +   
   

 

   1 1 1 11 3 1 3
4 2 4 2

    − + − − − − − +        
 

   = 7 9 9 7
4 4 4 4

 − −       − − −                
 

   = 4 + 4 
   = 8 sq. units 
h h(x) = (x – 1)(x +2)(x + 5) 
   = x3 + 6x2 + 3x –10 
 x-intercepts at x = –5, –2 and 1 
 positive area between x = –5 and –2 
 negative area between x = –2 and 1 
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 A = 
2 13 2 3 2
5 2

( 6 3 10)d ( 6 3 10)dx x x x x x x x
−

− −
+ + − − + + −∫ ∫  

    = 
2 14 2 4 2

3 3

5 2

3 32 10 2 10
4 2 4 2
x x x xx x x x

−

− −

   
+ + − − + + −   

   
 

   = ( ) 625 754 16 6 20 250 50
4 2

 − + + − − + + 
 

 

   = ( )1 32 10 4 16 6 20
4 2

  − + + − − − + +    
 

   = ( ) 25 2514 14
4 5

 − −   − − −        
 

   = 81 81
4 4

− −  
 

 

   = 81
2

 

   = 40 1
2

 sq. units 

 3  y = x2 – 6x + 8 
   = (x – 4)(x – 2) 
 x-intercepts are at x = 4 and 2, negative area 

  A = 
4 2
2

( 6 8)dx x x− − +∫  

   = 
43

2

2

3 8
3
x x x

 
− − + 
 

 

   = 64 848 32 12 16
3 3

    − − + − − +        
 

   = 16 20
3 3

 − + 
 

 

   = 4
3

 sq. units 

 Answer is A 

 4   A = 
2 4

3 2
( )d ( )df x x f x x

−
− +∫ ∫  

   = 
4 2

2 3
( )d ( )df x x f x x

−
−∫ ∫  

 Answer is D 
 5  y = x2 – x – 6 

   = (x – 3)(x + 2) 
 x-intercepts at x = –2 and 3 
 negative area between intercepts 
 Use a calculator to sketch the graph 

  A =
3 42 2
2 3

( 6)d ( 6)dx x x x x x− − − + − −∫ ∫  

   = 
3 43 2 3 2

2 3

6 6
3 2 3 2
x x x xx x

   
− − − + − −   
   

 

   = 9 8 649 18 2 12 8 24
2 3 3

      − − − − − − + − −            
 

    99 18
2

 − − − 
 

 

   = 27 34 32 27
2 3 3 2

 − − − −       − − + −                
 

   = 13 17
6 6

+  

   = 5 sq. units 
 Answer is C 

 6  Use a graphics calculator with a suitable domain to 
sketch each of the following parts a to j. 

a i y = 3 – 3x2, x = 0, x = 2 

  

  ii  A = 
1 22 2
0 1
(3 3 )d (3 3 )dx x x x− − −∫ ∫  

   = 
1 23 3
0 1

3 3x x x x   − − −     

   = ((3 – 1) – 0) – ((6 – 8) – (3 – 1)) 
   = 2 – (–4) 
   = 6 sq. units 

b i y = 2
x

, x =1 , x = 3 

  

  ii  A = 
3

1

2 dx
x∫  

   = [ ]3
12loge x  

   = 2 loge 3 sq. units 

 c   i y = 2
1

x
− , x = 1, x = 2 

  

  ii  A = 
2

21

1 dx
x

− −∫  

   = 
2 2

1
dx x−− −∫  

   = 
21
1

x− −    

   = 1 1
2 1

 − − 
 

 

   = 1
2

 − − 
 

 

   = 1
2

 

 d   i y = x3 – 4x, x = –2, x = 1 

  

  ii  A = 
0 13 3
2 0
( 4 )d ( 4 )dx x x x x x

−
− − −∫ ∫  

   = 
0 14 4

2 2

2 0

2 2
4 4
x xx x

−

   
− − −   

   
 

   = ( )( ) 10 4 8 2 0
4

  − − − − −  
  

 

   = 4 – 7
4

− 
 
 

 

   = 23
4
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   = 5 3
4

 sq. units 

 e i y = e2x, x = –2, x = 0 

  

     ii   A = 
0 2
2

dxe x
−∫  

   = 
0

2

2

1
2

xe
−

 
  

 

   = 41 1
2 2

e−−  

   = 1
2

(1 – e–4) sq. units 

 f i y = e−x, x = 0, x = 2 

   

     ii A = 
2

0
xe−∫ dx 

   = 
2

0
xe− −   

   = –e–2 + e0 
   = –e–2 + 1 
   = 1 – e–2 sq. units 

 g i y = 2 sin x, x = π
6

, x = π
3

 

   

  ii   A = 3

6

2 sin x
π

π∫ dx 

   = [ ]3

6

2 cos x
π

π−  

   = –2 cos 
3
π  – –2 cos 

6
π  

   = –1 + 3  
   = 3  – 1 sq. units 

 h i y = cos 
2
x , x = 

2
π , x = 2 π 

  

  ii  A = 
2

cos
2
xπ

π∫ dx – 
2π

π
cos

2
x

∫ dx 

   = 
π
2

π

2 sin
2
x 

  
 – 

2π

π
2 sin

2
x 

  
 

   = π π2 sin 2 sin
2 4

 − 
 

 – π2 sin π 2 sin
2

 − 
 

 

   = (2 – 2 ) – (0 – 2) 

   = 4 – 2  sq. units 

 i i y = sin 3x, x = – π
2

, x = – π
6

 

  

  ii  A = 3

2

sin3x
π

π
−

−∫ dx – 6

3

sin3x
π

π
−

−∫ dx 

   = 
3

2

1 cos 3
3

x
π

π

−

−

 −  
 – 

6

3

1 cos 3
3

x
π

π

−

−

 −  
 

   = ( )1 1 3πcos π cos
3 3 2

 − − − − −  
  

 –  

   ( )1 π 1cos cos π
3 2 3

 − − − − −  
  

 

   = 1 0
3

 − 
 

 – 10
3

 − 
 

 

   = 2
3

 sq. units 

 j i y = x x , x ≥ 0, x = 0, x = 4 

   = 
3
2x  

   

  ii A = 
3
24

0
x∫ dx 

   = 

5
2

4

0

2
5
x

 
 
 
  

 

   = ( )52 2
5

 

   = 64
5

 

   = 12 4
5

 sq. units 

 7  Use a graphics calculator with a suitable domain to 
sketch each of the following parts a to g 

 a i y = x – 4x–1, x ≠ 0, x = 1, x = 3 

  y = x – 4
x

 

 at y = 0, x – 4
x

 = 0 

   x2 – 4 = 0 
   (x – 2)(x + 2) = 0 
   x = 2 , –2 
  x-intercept at x = 2 for this domain 
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  ii  A = –
2

1

4x
x

 − 
 ∫ dx + 

3

2

4x
x

 − 
 ∫ dx 

   = –
22

1

4log
2 e
x x

 
− 

 
 + 

32

2

4log
2 e
x x

 
− 

 
 

   = – ( ) 12 4log 2 0
2e

  − − −    
 +  

   ( )9 4log 3 2 4log 2
2 e e

  − − −    
 

   = – 12 4log 2
2e

 − −  
 + 9 4log 3 2 4log 2

2 e e
 − − +  

 

   = – 3
2

 + 4 loge 2 + 5
2

 – 4 loge 3 + 4 loge 2 

   = 1 + loge

4 4

4
2 2

3
×  

   = 1 + loge

44
3

 
 
 

 

   = 1 + 4loge
4
3

 
 
 

 

   = 1 – 4loge
3
4

 
 
 

 

   ≈ 2·15 
 b i y = sin x – cos x 0 ≤ x ≤ π 

  x = 0, x = π 
   at y = 0, sin x – cos x = 0 
   sin x = cos x 

  sin
cos

x
x

 = 1 

   tan x = 1 

   x = 
4
π  

 x-intercept at x = 
4
π  

  

  ii  A = – ( )4
0

sin cosx x
π

−∫  dx + ( )
4

sin cosx x
π
π −∫ dx 

   = – [ ]4
0cos sinx x
π

− −  + [ ]
4

cos sinx x π
π− −  

   = – ( )cos sin cos0 sin 0
4 4
π π  − − − − −    

 +  

   ( )cos sin cos sin
4 4
π ππ π  − − − − −    

 

   = – ( )2 2 1
2 2

  
− − − −      

 + 2 21
2 2

 
+ + 

  
 

   = –(– 2  + 1) + (1 + 2 ) 
   = 2  – 1 + 1 2  
   = 2 2  sq. units 

 c i     y = ex – e, x = 0, x = 3 
  at y = 0, ex – e = 0 
   ex = e1 

   x = 1 
 x-intercept at x = 1 

    

  ii   A = – ( )1

0
xe e−∫ dx + ( )3

1
xe e−∫ dx 

   = –
1

0
xe ex −   + 

3

1
xe ex −   

   = –((e – e) –e0) + (e3 – 3e) – (e1 – e) 
   = 1 + e3 – 3e sq. units 
    12·93 

 d i y = x – 2
1
x

, x ≠ 0, x = 1
2

, x = 2 

   at y = 0, x – 2
1
x

 = 0 

   x3 – 1 = 0 
   x3 = 1 
   x = 1 
   x-intercept at x = 1 

  

ii   A =  –
1
2

1

2
1x
x

 − 
 ∫ dx + 

2

21

1x
x

 − 
 ∫ dx 

   = –
1
2

12 1
2
x

x
 

+ 
 

 + 
22

1

1
2
x

x
 

+ 
 

 

   = – 1 11 2
2 8

    + − +    
    

 + 1 12 1
2 2

    + − +    
    

 

   = 5
8

 + 1 

   = 1 5
8

 sq. units 

 e  i    y = 2
x

e , x = –2, x = 2 

 at y = 0, 2
x

e  = 0 
  no x-intercepts 

  

  ii  A = 
2 2

2

x

e
−∫ dx 

   = 

2

2

2

2
x

e

−

 
 
 
  

 

   = 2e1 – 2e–1 
    4·7 sq. units 
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 f  i y = x4 – 3x2 – 4, x = 1, x = 4 

    at y = 0, x4 – 3x2 – 4 = 0 
   (x2 – 4)(x2 + 1) = 0 
   (x – 2)(x + 2)(x2 + 1) = 0 
 x-intercepts at x = –2, x = 2 

  

  ii  A = – ( )2 4 2
1

3 4x x− −∫ dx + ( )4 4 2
2

3 4x x− −∫ dx 

   = –
25

3

1

4
5
x x x

 
− − 

 
 + 

45
3

2

4
5
x x x

 
− − 

 
 

   = – 32 18 8 1 4
5 5

    − − − − −        
 +  

   1024 3264 16 8 8
5 5

    − − − − −        
 

   = 24
5

 + 672
5

 

   = 696
5

 

   = 139·2 sq. units 
 g  i y = (x – 2)4, x = 1, x = 3 

   at y = 0, (x – 2)4 = 0 
   x = 2 
   x-intercept at x = 2. 

  

  ii  A = ( )2 4

1
2x −∫ dx + ( )3 4

2
2x −∫ dx 

   = ( )
25

1

2
5

x −
 
  

 + ( )
35

2

2
5

x −
 
  

 

   = 10
5
− − 

 
 + 1 0

5
 − 
 

 

   = 2
5

 sq. units 

 8   y = e3x 

 A = 
2 3

1
xe∫ dx 

   = 
2

3

1

1
3

xe 
  

 

   = 1
3

e6 – 1
3

e3 

   = 1
3

(e6 –e3) sq. units 

 9  y = –cos x, x = π
3

, x = 5π
6

 

  

 A = – 2

3

cos x
π

π −∫ dx + 
5
6

2

cos x
π

π −∫ dx 

   = – [ ]2

3

sin x
π

π−  + [ ]
5
6

2

sin x
π

π−  

   = – ( ) 31
2

  
− − −      

 + 1 1
2

 − − − 
 

 

   = 1 – 3
2

 – 1
2

 + 1 

   = 3 3
2

−  sq. units 

 10   y = (x – 1)3 

 A = – ( )1 3

0
1x −∫ dx 

   = – ( )
14

0

1
4

x −
 
  

 

  = – 10
4

 −  
 

  = 1
4

 sq. units 

 

11 a

  

b A = 
( )

1

21

1
3x− −∫ dx 

   = ( )1 2

1
3x −

−
−∫ dx 

   = ( )
11

1

3
1

x −

−

 −
 

−  
 

   = 
( )

1

1

1
3x

−

 
− −  

 

   = 
1

1

1
3 x −

 
 − 

 

   = 1 1
2 4

 − 
 

 

   = 1
4

 sq. units 

 12 a f(x) = (x + 2)–3 

   = 
( )3

1
2x +

 

 asymptotes at x = –2 and y = 0. 

b A = ( )1 3

1
2x −

−
+∫ dx 

   = ( )
12

1

2
2

x −

−

 +
 

−  
 

   = 
( )

1

2
1

1
2 2x

−

 −
 
 + 

 

   = 1 1
18 2

− − − 
 

 

   = 4
9

 sq. units 
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 13  y = 3 – e2x 
 at y = 0, 3 – e2x = 0 
   e2x = 3 
   loge 3 = 2x 

   x = 1
2

loge 3 

   x  0·55 

  

 A = ( )0 2
2

3 xe
−

−∫ dx 

  = 
0

2

2

13
2

xx e
−

 −  
 

  = 1
2

 − 
 

 – 416
2

e− − − 
 

 

  = 11
2

 + 
4

2
e−

 

  = 
411+

2
e−

 sq. units. 

 14  y = 4 – sin 2x 
 at y = 0, 4 – sin 2x = 0 
   4 = sin 2x 
 no x-intercepts. 

 A = ( )π

2
4 sin 2xπ−

−∫ dx 

   = 
2

14 cos 2
2

x x
π

π−

 +  
 

   = 14π
2

 + 
 

 – 12π
2

 − − 
 

 

   = 6π + 1 sq. units. 
 15 a  y = x loge x (x > 0) 

  d
d
y
x

 = x 1
x

 
 
 

 + loge x 

   = 1 + loge x 
b   ( )1 loge x+∫ dx = x loge x 

  1∫ dx + loge x∫ dx = x loge x 

  loge x∫ dx = x loge x – 1∫ dx 

   = x loge x – x 

c 
4

1
loge x∫ dx = [ ]4

1logex x x−  

   = (4 loge 4 – 4) – (loge 1 – 1) 
   = 4 loge 4 – 3 sq. units 

 16 a  y = loge(x2 + 2) 

  d
d
y
x

 = 2
2

2
x

x +
 

b   2
2

2
x

x +∫ dx = loge(x2 + 2) 

 2 2 2
x

x +∫ dx = loge(x2 + 2) 

   2 2
x

x +∫ dx = 1
2

loge(x2 + 2) 

c x-intercept at x = 0 

 A = –
0

21 2
x

x− +∫ dx + 
1

20 2
x

x +∫ dx 

   = – ( )
0

2

1

1 log 2
2 e x

−

 +  
 + ( )

1
2

0

1 log 2
2 e x +  

 

   = – 1 1log 2 log 3
2 2e e

 − 
 

 + 1 log 3
2 e

 
 
 

 – 1 log 2
2 e

 
 
 

 

   = 1
2

loge 3 – 1
2

loge 2 + 1
2

loge 3 – 1
2

loge 2 

   = loge 

1 1
2 2

1 1
2 2

3 3

2 2

 
 × 
 
 × 

 

   = loge 
3
2

 
 
 

 

    0·4055 sq. units. 
 17 a  y = x2, x = 0, x = 2. 

 A = 
2 2
0

x∫ dx 

   = 
23

0
3
x 

 
 

 

   = 8
3

 sq. units. 

b Area of rectangle = 2 × 4 = 8 sq. units 

 ⇒ Area of shaded region = 8 − 8
3

 sq. units 

  = 16
3

 

  = 5 1
3

 sq. units 

 18  A1 = 
2 2
0

xe∫ dx 

   =
2

2

0

1
2

xe 
  

 

   = 1
2

e4 – 1
2

 sq. units. 

 Area of rectangle = 2 × e4 = 2e4 sq. units 

   Shaded area = 2e4 – 41 1
2 2

e − 
 

 

   = 
43

2
e  + 1

2
 

   = 
43 1
2

e +  

 19  A = 2
0

2 sin
x

x∫  dx 

   = [ ]2
02 cos x
π

−  

   = 0 + 2 
   = 2 

  Area of rectangle = 
2
π  × 2 = π 

   Shaded area = π – 2 
 Total shaded area = (π – 2) × 2 
   = 2π – 4 sq. units. 
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Exercise 8D — Areas between two curves 
1 and 2 a f(x) = x 

   g(x) = x2 
 f(x) – g(x) = x – x2 

   Area = ( )1 2
0

x x−∫ dx 

   = 
12 3

0
2 3
x x 

− 
 

 

   = 1
2

 – 1
3

 

   = 1
6

 sq. units 

b   f(x) = 2x 
   g(x) = x + 1 
 f(x) – g(x) = 2x – x – 1 
   = x – 1 

   Area = ( )2

1
1x −∫ dx 

   = 
22

1
2
x x

 
− 

 
 

   = (2 – 2) – 1 1
2

 − 
 

 

   = 1
2

 sq. units 

c   f(x) = 4 – x2 
   g(x) = 3x 
 f(x) – g(x) = 4 – x2 – 3x 

   Area = ( )1 2
0

4 3x x− −∫ dx 

   = 
13 2

0

34
3 2
x xx

 
− − 

 
 

   = 4 – 1
3

 – 3
2

 

   = 2 1
6

 sq. units 

d   f(x) = 8 – x2 
   g(x) = x2 
 f(x) – g(x) = 8 – x2 – x2 
   = 8 – 2x2 

   Area = ( )2 2
2

8 2x
−

−∫ dx 

   = 
23

2

28
3
xx

−

 
− 

 
 

   = 1616
3

 − 
 

 – 1616
3

 − + 
 

 

   = 32 – 32
3

 

   = 64
3

 

   = 21 1
3

 sq. units 

e   f(x) = 3x 
   g(x) = x3 
 f(x) – g(x) = 3x – x3 

   Area = ( )3 3
0

3x x−∫ dx 

   = 
32 4

0

3
2 4
x x 

− 
 

 

   = 9
2

 – 9
4

 

   = 9
4

 = 2 1
4

 sq. units 

f   f(x) = 9 – x2 
   g(x) = ex 
 f(x) – g(x) = 9 – x2 – ex 

   Area = ( )1 2
1

9 xx e
−

− −∫ dx 

   = 
13

1

9
3

xxx e
−

 
− − 

 
 

   = 19
3

e − − 
 

 – 119
3

e− − + − 
 

 

   = 18 – 2
3

 – e + e–1 

   = 17 1
3

 – e + e–1 

    14·98 sq. units 
g   f(x) = x 
   g(x) = –ex 
 f(x) – g(x) = x – –ex 
   = x + ex 

   Area = ( )2

1
xx e+∫ dx 

   = 
22

1
2

xx e
 

− 
 

 

   = (2 + e2) – 1
2

e + 
 

 

   = 1 1
2

 + e2 – e 

    6·17 sq. units 
h   f(x) = –4 
   g(x) = x2 – 5 
 f(x) – g(x) = –4 – x2 + 5 
   = 1 – x2 

   Area = ( )1 2
1

1 x
−

−∫ dx 

   = 
13

1
3
xx

−

 
− 

 
 

   = 11
3

 − 
 

 – 11
3

 − + 
 

 

   = 2 – 2
3

 

   = 4
3

 sq. units 

 3  A = ( ) ( )( )5

1
g x f x−∫ dx is D 

   = ( )5

1
g x∫ dx – ( )5

1
f x∫ dx is A 

   = ( )5

1
g x∫ dx + ( )1

5
f x∫ dx is B 

   = ( ) ( )( )1

5
f x g x−∫ dx is E 

 Answer is C 
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 4  A = ( ) ( )( )1

3
f x g x

−

−
−∫ dx 

 Answer is D 

 5  A = ( ) ( )( )3

0
f x g x−∫ dx + ( ) ( )( )4

3
g x f x−∫ dx 

 Answer is E 
 6 a i Intersection points when 

   4x = x2 
   x2 – 4x = 0 
   x(x – 4) = 0 
  x = 0 and x = 4 

   ii  Use calculator to check sketches. 
   y = x2 and y = 4x 

   

  iii  A = ( )4 2
0

4x x−∫ dx 

   = 
43

2

0

2
3
xx

 
− 

 
 

   = 32 – 64
3

 

   = 32
3

 

   = 10 2
3

 sq. units. 

  b  i Intersection points when 
   2x = 3 – x2 
   x2 + 2x – 3 = 0 
   (x + 3)(x – 1) = 0 
   x = –3 or 1 

  ii Use calculator to check sketches. 
   y = 2x and y = 3 – x2 

  

  iii  A = ( )1 2
3

3 2x x
−

− −∫ dx 

   = 
13

2

3

3
3
xx x

−

 
− − 

 
 

   = 13 1
3

 − − 
 

 – (–9 + 9 – 9) 

   = 1 2
3

 + 9 

   = 10 2
3

 sq. units 

 c  i Intersection points when 
  x2 – 1 = 1 – x2 
  2x2 – 2 = 0 
  2(x2 – 1) = 0 
  2(x – 1)(x + 1) = 0 
  x = 1 or –1 

   ii  Use calculator to check sketches. 
    y = x2 – 1 and y = 1 – x2 

  

  iii  A = 
1 2 2
1
(1 1)x x

−
− − +∫ dx 

   =
1 2
1

(2 2 )x
−

−∫ dx 

   =
13

1

22
3
xx

−

 
− 

 
 

   = 2 22 2
3 3

   − − − +   
   

 

   = 22
3

 sq. units 

  d i  Intersection points when 
   2x –4 = 4 – 2x  
   2x2 – 8 = 0 
   2( 2x – 4) =0 
   2(x – 2)(x + 2) = 0 
   x = 2 or – 2 

  ii Use calculator to check sketches. 
   y = 2x – 4 and y = 4 – x2 

  

  iii A = ( )2 2 2
2

4 4x x
−

− − +∫ dx 

   = ( )2 2
2

8 2x
−

−∫ dx 

   =
23

2

28
3
xx

−

 
− 

 
 

   = 1616
3

 − 
 

 – 1616
3

 − + 
 

 

   =21 1
3

 sq. units 

  e i Intersection points when 
   ( )21x + = 1 – x2 

   x2 + 2x + 1 = 1 – x2 
   2x2 + 2x = 0 
   2x (x + 1) = 0 
   x = 0 and –1 

  ii Use calculator to check sketches. 
   y = ( )21x + and y = 1 – 2x  

  

  iii A = ( )0 22
1
1 1x x

−
− − +∫ dx 

   = ( )0 2 2
1

1 2 1x x x
−

− − − −∫ dx 

   = 
0 2
1

2 2x x
−

− −∫  dx 
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   = 
03

2

1

2
3
x x

−

 
− − 
 

 

   = 0 – 2 1
3

 − 
 

 

   = 1
3

 sq. units. 

  f i Intersection points when 
    x  = 2x  
    x = 4x  
   4x x−  = 0 
 3( 1)x x −  = 0 
   x = 0 x = 1 

   ii Use calculator to check sketch. 
   y = x  and y = 2x  

  

  iii A = 
1

0
x∫  – 2x  dx 

   = 
1

1 22
0

x x
 
 −  
 
∫ dx 

   = 

13
32

0

2
3 3
x x

 
 − 
  

 

   = 2 1 0
3 3

 − − 
 

 

   = 1
3

 sq. units 

 7 a  i y = 3x and y = x 
   Intersection points when 
   3x  = x 
   x3 – x = 0 
   ( )2 1x x −  = 0 

   x(x – 1)(x + 1) = 0 
   x = –1, 0, 1 

  

ii 

 

  iii A = ( )0 3
1

x x
−

−∫ dx + ( )1 3
0

x x−∫ dx 

   = 
04 2

1
4 2
x x

−

 
− 

 
 + 

12 4

0
2 4
x x 

− 
 

 

   = 1 1 1 10 0
4 2 2 4

      − − + − −      
      

 

   = 1 1
4 4

+  

   = 1
2

 sq. units 

  b  i y = 3x2 and y = x3 + 2x 
   Intersection points when 

   ( )
( )( )

2 3

3 2

2

3 2

3 2 0

3 2 0

2 1 0
0,1,2

x x x

x x x

x x x

x x x
x

= +

− + =

− + =

− − =
=

 

  

ii 

 

  iii A = ( ) ( )1 23 2 2 3
0 1

2 3 d 3 2 dx x x x x x x x+ − + − −∫ ∫  

   = 
1 24 4

2 3 3 2

0 1
4 4
x xx x x x

   
+ − + − −   

   
 

   = ( )1 11 1 8 4 4 1 1
4 4

   + − + − − − − −   
   

 

   = 1 1
4 4

+  

   = 1
2

 sq. units 

 8 a y = 3,x  y = 2 ,x  –1≤ x ≤ 1 
 Intersection when 
   3 2x x=  
  3 2 0x x− =  
 ( )2 1 0x x − =  

   0, 1x = −  

   
  

 ( )1 2 3
1

dA x x x
−

= −∫  

 =
13 4

1
3 4
x x

−

 
− 

 
 

 = 1 1 1 1
3 4 3 4

−   − − −   
   

 

 = 2
3

 sq. units. 

b y = sin x, y = cos x 0 ≤ x ≤ π  
 Intersection when 
   sin cosx x=  

 sin 1
cos

x
x

=  

  tan 1x =  

   
4

x π=  
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 ( ) ( )4
0

4
cos sin d sin cos dA x x x x x x

π π
π= − + −∫ ∫  

 = [ ] [ ]4
0

4

sin cos cos sinx x x x
π

π
π+ + − −  

 
( )

( )

sin cos sin 0 cos0
4 4

cos sin cos sin
4 4

π π

π ππ π

 = + − + + 
 
  − − − − −  

  

 

 2 2 2 20 1 1 0
2 2 2 2

= + − − + − + +  

 2 2=  sq. units 

c ( ) ( )2 21 , 1 , 1 1y x y x x= − = + − ≤ ≤  
 Intersection when 
  ( ) ( )2 21 1x x− = +  

 2 22 1 2 1 0x x x x− + − − − =  
    4 0x− =  
    0x =  

   

 ( ) ( ) ( ) ( )0 12 2 2 2

1 0
1 1 d 1 1 dA x x x x x x= − − + + + − −∫ ∫  

   
0 1

1 0
4 d 4 dx x x x

−

−
= − +∫ ∫  

   
0 12 2

1 0
2 2x x

−
   = − +     

   0 2 2−= − +  
   4=  sq. units 
d 3 25 , 6 2 , 0 3y x x y x x= − = − ≤ ≤  
 Intersection when 
 3 25 6 2x x x− = −  
   3 22 5 6 0x x x+ − − =  
 ( )( )( )2 1 3 0x x x− + + =  

   3, 1, 2x = − −  

 ( ) ( )2 32 3 3 2
0 2

6 2 5 d 5 6 2 dA x x x x x x x x= − − + + − − +∫ ∫  

   
2 33 4 2 4 2 3

0 2

2 5 5 26 6
3 4 2 4 2 3
x x x x x xx x

   
= − − + + − − +   
   

 

   

16 81 4512 4 10 18 18
3 4 2

164 10 12
3

   = − − + + − − + −   
   
 − − + 
 

 

   16 81 45 1618 18
3 4 2 3

= − + − + −  

   277
12

=  

   123
12

=  sq. units 

e 1 1, 4 , 1
4

y y x x
x

= = ≤ ≤  

 Intersection when 

  1 4x
x

=  

   21 4x=  

 2 1
4

x =  

   1
2

x = ±  

   

 
1 1
2

1 1
4 2

1 14 d 4 dA x x x x
x x

   = − + −   
   ∫ ∫  

   
1 1
2

1 1
4 2

2 2log 2 2 loge ex x x x   = − + −     

   
( )

1 1 1 1log log
2 2 4 8

1 12 log 1 log
2 2

e e

e e

   = − − − +   
   

 − − − 
 

 

   1 1 1 1 1 1log log log 2
2 4 2 2 8 2e e e= − + − + + −  

   

1 1
12 2log 11 8

4

e

 × 
= + 

 
 

 

   1log 1 1
8e= +  

   11
8

=  sq. units 

f , , 0 1x xy e y e x−= = ≤ ≤  
 Intersection point 
   x xe e−=  

 1
x

x
e
e− =  

   2 1xe =  
   2 0x =  
   0x =   

  

  ( )1

0
dx xA e e x−= −∫  

   
1

0
x xe e− = +   
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   ( ) ( )1 1 0 0e e e e−= + − +  

   1 2e e−= + − . 
   1.09≈ sq. units 

g 2 cos ,y x= ,
2

y x π= −  0
2

x π≤ ≤  

 Intersection point 

 2 cos
2

x x π= −  

 Use calculator to find intersection point, graph both 

curves and find intersection. Answer , 0
2
π =  
 

 

   

 2
0

2 cos d
2

A x x x
π π  = − −  

  
∫  

  =
2 2

0

2 sin
2 2
x xx

π

π 
− + 

 
 

 ( )
2 2

2 sin 2 sin 0 0 0
2 8 4
π π π 

= − + − − +  
 

 

 
2 2

2
8 4

π π= − +  

 
2

2
8

π= +  sq. units 

 3.23≈  sq. units 
h ,xy e=  ,xy e= −  2 1x− ≤ ≤  
 Intersection point 
 ex = – ex  
 no intersection 

  

  A = 
1

2
dx xe e x

−
+∫  = 

1

2
2 dxe x

−∫  

  = 
1

2
2 xe

−
    

  = 2e – 2e–2  
  5.17 sq. units 

 9  y = ex, y = x, x = 1, x = 3 
 Use calculator to show no intersection between x = 1 and 3. 

  

 A = 
3

1
( )dxe x x−∫  

   = 
32

1
2

x xe
 

− 
 

 

   = 3 19 1
2 2

e e   − − −   
   

 

   = e3 – e1 – 4 
   ≃ 13.37 sq. units 

 10  y = x2, y = 
2
x  + 3, x = 1, x = 3 

 Intersection when 

 x2 = 
2
x  + 3 

   x2 – 
2
x  – 3 = 0 

  2x2 – x – 6 = 0 
(2x + 3) (x – 2) = 0 

 x = 3
2

−  or x = 2 

  

 A = 
2 32 2

1 2
3 d 3 d

2 2
x xx x x x   + − + − −   

   ∫ ∫  

   = 
2 32 3 3 2

1 2

3 3
4 3 3 4
x x x xx x

   
+ − + − −   

   
 

   = 8 1 1 9 81 6 3 9 9 1 6
3 4 3 4 3

       + − − + − + − − − − −       
       

 

   = 17 25
12 12

+  

   = 42
12

 = 7
2

 

   = 3 1
2

 sq. units 

 11  y = sin 2x, y = cos x, x = 0 to x = 
2
π  

 Intersection point when 
 sin 2x = cos x 
 Use graphics calculator to find the intersection between 

the two curves. 

 Answer is 3,
6 2
π 
  
 

 

   

 Area = ( ) ( )26
0

6

cos sin 2 d sin 2 cos dx x x x x x
ππ

π− + −∫ ∫  

 = 
6 2

0
6

1 1sin cos 2 cos 2 sin
2 2

x x x x
π π

π

−   + + −      
 

 = 1 1sin cos sin 0 cos 0
6 2 3 2
π π   + − + +   

   
 

   1 1cos sin cos sin
2 2 2 3 6

π π ππ− −   − − −   
   

 

 = 1 1 1 1 1 10 1
2 4 2 2 4 2

+ − − + − + +  

 = 1
2

 sq. units 
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 12  y = 3 – sin 2x, y = sin 2x, x = 0 to 
4
π  

 Intersection point when 
 3  – sin 2x = sin 2x 
   2 sin 2x = 3  

    sin 2x = 3
2

 

   basic angle = 
3
π  

   2x = 
3
π  

   x = 
6
π  

  

 Area = ( ) ( )46
0

6

3 2 sin 2 d 2 sin 2 3 dx x x x
ππ

π− + −∫ ∫  

   = 46
0

6

3 cos 2 cos 2 3x x x x
ππ

π   + + − −     

   = ( )3 3cos cos 0 cos
6 3 2 4
π π π π   

+ − + − − −      
   

 

    3cos
3 6
π π 

− −  
 

 

   = 3 1 3 1 31 0
6 2 4 2 6
π π π+ − − − + +  

   = 3 3
3 4
π π−  

   = 3
12

π  

   ≃ 0.45 sq. units 
 13  y = ex, y = 3 – 2e–x 

 Intersection when 
 ex = 3 – 2e–x 

  ex + 2
xe

 – 3 = 0 

   e2x + 2 – 3ex = 0 
 Let a = ex 
   a2 – 3a + 2 = 0 
 (a – 2)(a – 1) = 0 
   a = 1 or 2 
 at a = 1, ex = 1 
   x = 0 
 at a = 2, ex = 2 
   x = loge 2 

  

Area = ( )log 2

0
3 2 de x xe e x−− −∫  

  = 
log 2

0
3 2 ex xx e e− − + −   

  log 2 log 2(3log 2 2 )e e
e e e−= + − – (0 + 2e0 – e0) 

  = 3 loge2+ 2 × 1
2

 – 2 – 2 + 1 

  = 3 loge 2 – 2 

 14 a f(x) = 4 – 1
4

x2 

 4 – 1
4

 x2 = 0 

   1
4

 x2 = 4 

   x2 = 16 
   x = ±4 

b g(x) = 3 – 1
3

x2 

 3 – 1
3

x2 = 0 

   1
3

 x2 = 3 

   x2 = 9 
   x = ±3 

c Area = 
4 3

4 3
( )d ( )df x x g x x

− −
−∫ ∫  

   = 
4 32 2
4 3

1 14 d 3 d
4 3

x x x x
− −

   − − −   
   ∫ ∫  

   = 
4 33 3

4 3

4 3
12 9
x xx x

− −

   
− − −   

   
 

   = ( ) ( )64 6416 16 9 3 9 3
12 12

   − − − + −  − − − +         
 

   = 64 (12)
3

−  

   = 28
3

 

   = 9 1
3

 sq. metres 

 15  Area = 
1
2

1
2

212 2
2

x
−

 − 
 ∫ dx –

1
2

1
2

22x
−∫ dx 

   = 
1
2

1
2

322 5
3
xx

−

 
⋅ − 

 
 – 

1
2

1
2

32
3
x

−

 
 
 

 

   = 5 1
4 12

 − 
 

 – 5 1
4 12

 − + 
 

 – 1 1
12 12

    − −        
 

   = 2 1
6

 sq. metres 

 16 a 4 – 
2

100
x  = 0 

   
2

100
x  = 4 

   x2 = 400 
   x = ±20 
b 40 m 

c Area = 
220

20
5 4

100
x

−

 
− −  
 

∫ dx 

   = 
203

20

5 4
300
xx x

−

 
− + 

 
 

   = 8020
3

 + 
 

 – 8020
3

 − − 
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   = 93 1
3

 sq. metres 

d 93 1
3

 × 9 = 840 m3 

 17  max height of tunnel = 5 m (amplitude) 

a x-intercept = 5 sin 
30
xπ  = 0 

   sin 
30
xπ  = 0 

   basic angle = 0, π, 2π … 

   
30
xπ  = 0, π 

   x = 0, 30π
π
× , 

   x = 0, 30 m 
 length of bridge is 30 m 

 Area = 
30

0
5 5 sin

30
xπ − 

 ∫ dx 

   = 
30

0

5 305 cos
30
xπx

π
× +  

 

   = 150150 cos π
π

 + 
 

 – 1500 cos0
π

 + 
 

 

   = 150 – 150
π

 – 150
π

 

   = 300150
π

 − 
 

 m2 

b Volume = 300150
π

 − 
 

× 200 

   = 6000030,000
π

 − 
 

 m3 

 18  y = 40 sin π
120
x   0 ≤ x ≤ 120 

   
 Intersection points when 

 40 sin π
120
x  = 

5
x  

 Use calculator to find intersection. 
 (100, 20) 

 A =
100

0
40 sin

120 5
xπ x − 

 ∫ dx 

   = 
1002

0

40 120 cos
120 10
πx x

π
 ×− − 
 

 

   = 4800 5 10000cos
6 10
π

π
 − − 
 

 – 4800 cos0
π

 − 
 

 

   = 4800
π

−  × 3
2

−  – 1000 + 4800
π

 

   = 2400 3
π

 – 1000 + 4800
π

 

    1851 sq. metres 
  1851 ÷ 12  154 trees 

Exercise 8E — Further applications of 
integration — modelling and problem solving 
 1  f′(x) = (2 – x)2 

  f(x) = ( )32
3
x−

−
 + c 

   at x = 0, ( )32 0
3

−
−

 + c = 4
3

 

   8
3−

 + c = 4
3

 

     c = 4
3

 + 8
3

 

    c = 4 

   f(x) = ( )32
3

x− −
 + 4 

 2  d
d
y
x

 = 1 – 4 cos 2x 

   y = x – 2 sin 2x + c 
 at x = 0, 0 – 2sin 0 + c = 2 
    –2 × 0 + c = 2 
    c = 2 
   y = x – 2 sin 2x + 2 

 at x = π
12

, y = π
12

 – 2 sin π
6

 + 2 

   = π
12

 – 1 + 2 

   = π
12

 + 1 

 3  d
d
y
x

 = –0·03(x + 1)2 + 0·03 

a  at x = 0, deflection = 0 m. 

b   y = ( )30 03 1
3

x− ⋅ +
 + 0·03x + c 

  at x = 0, y = 0 

 ( )30 03 0 1
3

− ⋅ +
 + 0·03 × 0 + c = 0 

 –0·0 + c = 0 
   c = 0·01 
   y = –0·01(x + 1)3 + 0·03x + 0·01 
c maximum deflection occurs when 
 x = 3 
 y = –0·01(3 + 1)3 + 0·03×3 + 0·01 
   = –0·54. 
 deflection is 54 cm down. 

 4 a d
d

c
n

 = 40 – 2e0.01n  n ∈ [0, 200] 

 for n = 100  

  d
d

c
n

 = 40 – 2e1  

   = $34.56 
b C = 40n – 200e0.01n + c1  
 at  n = 0 , c = 0 
 40 × 0 – 200e0.01 × 0 + c1 = 0 
   –200 + c1 = 0 
   c1 = 200 
 c = 40 n – 200e0.01n + 200 
c at n = 100 
   c = 40 × 100 – 200e0.01 × 100 + 200 
   = 4000 – 200e + 200 
   = $ 3656.34 
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d i Average cost for first 100 items 

   =  3656.34 0
100 0

−
−

 

   = 3656.34
100

 

   = $36. 56 
    ii Average cost for 2nd 100 items. 

   (200) (100)
200 100

c c−
−

 

      c(200) = 40 × 200 – 200e0.01 × 200 + 200 
   = $6722.19 

   Average =  6722.19 3656.34
200 100

−
−

 

   = 3065.85
100

 

  = $30.66 

 5  d
d
x
t

 = t(16 – t) 

 a i at t = 0 , v(t) = 0 m/s  
    ii at t = 4 , v(t) = 4 (16 – 14) 

   = 48 m/s 
 b i Max velocity when v′ (t) = 0 
   v = 16 t – t2  

   d
d
v
t

 = 16 – 2t 

   for max velocity   16 – 2t = 0 
   16 = 2t 
    t = 8 sec 
  ii at t = 8 , v (t) = 16 × 8 – 82  

   = 64 m/s 
c  

     

d A = 
10 2
0

(16 )dt t t−∫  

   = 
103

2

0

8
3
tt

 
− 

 
 

   = 800 – 1000
3

 

   = 1400
3

 

   = 466 2
3

 m. 

e Area represents the distance travelled 
 in 10 seconds. 

 6  d
d
v
t

 = 5 + cos 
40

tπ  

a at t = 40 , d
d
v
t

 = 5t cos π  

   = 4 L in the 40th minute 

b   V = 5t + 40
π

 sin 
40

tπ  + c 

 at t = 0 , v = 0 

 5t + 40
π

 sin 
40

tπ  + c = 0 

 5t + c = 0 

   c = 0 

 V = 5t + 40
π

 sin
40

tπ 
 
 

 

c at t = 40 , V = 5 × 40 + 40
π

 sin π  

   = 200 L 
d Average rate in the first hour 

 V(60) = 5 × 60 + 40
π

 sin 3
2
π  

   = 300 + 40
π

−  

    287.27 L 

   V(0) = 5 × 0 + 40
π

 sin 0 

   = 0 

 Average = 287.27 0
60 0

−
−

 

   = 4.79 L/min 

e Solve 5t + 40
π

 sin 
40

tπ  = 1600 

 for t, using the graphics calculator 

 graph Y = 5t + 40
π

 sin 
40

tπ  and V = 1600 

 and find intersection 
 Answer: 5 hr 20 mins 

 7  d
d
v
t

 = 10 + cos 
2
tπ  

a 

 
b Use calculator to graph y = 10.5 
 Find the intersection points. 
 Calculate how much time is above the line y = 10.5 
 or 

 10 + cos 
2
tπ  = 10.5 

   cos 
2
tπ  = 1 .

2
 

   basic angle = 
3
π  

 1st and 4th quadrants 

 
2
tπ  = 

3
π , 2π – 

3
π , 2π + 

3
π , 4π – 

3
π , 4π + 

3
π , 6π – 

3
π , 6π + 

3
π  

 =  
3
π  , 5

3
π  , 7

3
π  , 11

3
π  , 13

3
π  , 17

3
π  , 19

3
π  

  t = 2
3

 , 10
3

 , 14
3

 , 22
3

 , 26
3

 , 34
3

 , 38
3

 

 40 mins , 3 hr 20 , 4 hr 40 , 7 hr 20 , 8 hr 40 , 12 hr 40 
 Total time above 10.5 m is 
 40 mins + 1 hr 20 + 1 hr 20 + 40 min 
 = 4 hours. 

 c i 8 am to 2 pm is 6 hrs 

   V = 10t + 2
π

 sin 
2
tπ  
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 at t = 6, V = 60 + 2
π

 sin 3π  

   = 60 L 
ii 3 pm to 8 pm is 5 hrs 

 V = 10t + 2
π

 sin 
2
tπ  

   = 50 + 2
π

 sin 5
2
π  

   = 50 + 2
π

 

   50.6 L 
 or find the area under the curve 

 d
d
v
t

 = 10 + cos 
40

tπ  

  Area = 
6

0
10 cos

40
tπ+∫  = 60 L 

  Area = 
12

7
10 cos

40
tπ+∫  = 50.6L 

 8 a  Area = ( )25 2
25

20 0.024 dx x
−

−∫  

   = 
253

25
20 0.008x x

−
 −   

   = 375 + 375 
   = 750 m2. 
 Volume = 750 × 75 
   = 56,250 m3. 
b 56,250 ÷ 11250 = 5 airconditioners 

 9  Turning point of parabola is at origin. 
 Two points on graph or (1.5, 2) and 
 (–1.5, 2). Use y = a (x + h)2 + k to find rule. 
 y = a (x + 0)2 + 0 
    = 1.52 a 

 a = 2
2

1.5
 

  = 8 .
9

 

 Rule for parabola y = 8
9

x2 

 Look at right side of parabola 
 and find the area from x = 0 to x = 1.5 

   
21.5

0

82 d
9
x x

 
−  

 
∫  

 = 
1.53

0

82
27
xx

 
− 

 
 

 = 3–1 
 = 2 sq. units. 

   At point p(a, b), b = 
28

9
a  

 Area from x = 0 to x = a is 

 
2

0

8 d
9

a xb x
 

−  
 

∫  = 
2 2

0

8 8 d
9 9

a a x x
 

−  
 

∫  

   = 
2 3

0

8 8
9 29

a
a x x 

− 
 

 

   = 
38

9
a  – 

38
27
a  

   = 
316

27
a  

 This area needs to be half of the original 
 i.e.   A = 1 

  
316

27
a = 1 

   a3 = 27
16

 

   a = 3
27
16

 

    1.19. 

 b = 8
9

× 1.192  

    1.26 
 Height of water when channel is half full 
 is 1.26 m 

 10  Let P = (a, a3) 
  Area of rectangle = a × a3 = a4 

  Area under curve = 3
0

a
x∫  dx  

  = 
4

0
4

a
x 

 
 

 

  = 
4

4
a  = 41

4
a  

  = 1
4

 of area of rectangle 

 11 a Turning point = (0, 6) 
 (4, 0), (–4, 0), inverted parabola. 
   y = a (x + h)2 + k. 
   y = a (x)2 +6 
   0 = a (4)2 + 6 
 – 6 = a × 16 

 6
16

a− =  

   a = 3
8
−  

 Rule: y = 3
8
− x2 + 6 

b A =
4 2
4

3 6 d
8

x x
−

− + 
 ∫  

   = 
43

4

3 6
24

x x
−

 − + 
 

 

   = 3 64 24
24

− × + 
 

 – 3 64 6 4
24

− × + × − 
 

 

   = 16 + 16 
   = 32 m2 
 Area of rectangle = 7 ×10 = 70 m2  
   Area shaded = 70 – 32 
   = 38 m2  
c Volume = 38 × 10 
   = 380 m3  

 12 a f (x)  = ex – 1 
 g(x) = –2e–x + 2 
 Intersect when 
 ex – 1 = – 2e–x + 2 
 ex – 1 + 2e–x – 2 = 0 

 ex + 2
xe

 – 3 = 0 

 e2x  + 2 – 3ex = 0 
 Let a = ex  
     a2 + 2 – 3a = 0 
 (a – 2)(a – 1) = 0 
   a = 1 or 2 
 if a = 1 , ex = 1 
    x = 0 
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 if a = 2 , ex = 2 
    x = loge2 
   ⇒ y = eloge2 – 1 = 1 
 ⇒ Point B is (loge2, 1) 

b A = ( )log 2

0
2 2 1 de x xe e x−− + − +∫  

   = 
log 2

0
2 2 ex xe x e x− + − +   

   = 
log 22

0

3
e

xxe x e
 

+ − 
  

 

   = 
log 22 3log 2

log 2
e

e
e

e
e

+ − 
  −
 
 

0
0

2 0 e
e

 + − 
 

 

   = 1+3 loge 2 – 2 – 2 + 1 
   = 3loge 2 – 2 sq. units 
c Area under f (x) 

   = ( )log 2

0
1 de xe x−∫  

   = 
log 2

0

exe x −   

   = 2 – loge 2 – 1 
   = 1 – loge 2 . sq. units 
 Area under g(x) 

   = ( )
2log

0
2 2 d

e xe x−− +∫  

   = 
log 2

0
2 2 exe x− +   

   = 1+ 2 loge 2 + 2 
   = 2 loge 2 – 1 sq. units 
 Sum of two areas 
   = 1 – loge 2 + 2loge 2–1  
   = loge2 sq. units 
 Area of rectangle OCBA 
   = loge2 × 1 
   = loge2 sq. units 

 13 a p(t) = 12 loge (t + 1) 
   at t = 0, p(t) = 0 
   at t = 5, p(t) = 12 loge 6  

   21.5 kangaroos
year

 

   at t = 40 , p(t) = 12loge 41 

   44.6 kangaroos
year

 

b  

   
c y = 12 loge (t + 1) 
  t = 12 loge (y + 1) 

   
12
t  = loge (y + 1) 

     y + 1 = 12
t

e  

   y = 12
t

e  – 1 

 p–1 (t) = 12
t

e  – 1 

d Can’t find area 
40

0
12log ( 1)de t t+∫  

 but can find area 
44.6

12
0

1 d
t

e t
 
 −  
 

∫  

 if t = 40 , y = 44.6 
 Area of rectangle = 40 × 44.6 
   = 1784 
 Area under inverse 

  = 
44.6

12
0

1 d
t

e t
 
 −  
 

∫  

  = 
44.6

12

0

12
t

e t
 

− 
  

 

  (449) – (12) 
  437 
 1784 – 437 = 1347 
e This area represents the population 
 of kangaroos on 1 January 1995 
 (40 years after start). 

Investigation — Concrete chute 
 f(x) = 0.12 x2 – 12 – 10 ≤ x ≤ 10 

a Area = ( )10 2
10

0.12 12 dx x
−

− −∫  

   = 
103

10
0.04 12x x

−
 − −   

   = ( ) ( )40 120 40 120−  − − − +    
   = –(–80 – 80) 
   = 160 cm2. 
b  Area of rectangle shape 
   = 5 × 20 
   = 100 cm2 
 Total area = 160 + 100 
    = 260 cm2 

  260 cm2 × 
2

2
1 m

10000 cm
 = 0.026 m2  

 0.026 × 1.6 m/s  × 60 s/min  
  = 2.496 m3  every minute 
c 12 m3 ÷ 2.496 3m /min  
 = 4.8077 min 
 = 4 min 48 sec 

Chapter review 

 1  ( )4

0
3 dx x x−∫  = ( )1

2
4

0
3 dx x x−∫  

 = 
423

2

0

2
2
xx

 
− 

 
 

 = 16 – 8 
 = 8 
 Answer is B 

 2  ( )2 2 2
2

4 2 dx xe e x−
−

−∫  

 = 
22 2

2
2 x xe e−

−
 +   

 = (2e4 + e–4) – (2e–4 + e4) 
 = e4 – e–4 
 Answer is E 

 3  
π

0
2cos d

3
x x−∫  

 = 
π

0
6sin

3
x −  

 

 = –6 sin π
3

 – –6sin 0 

 = –6 × 3
2

 

 = –3 3  
 Answer is C 
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 4 a 
( )

0

41

9 d
2 3

x
x− +∫  = ( )0 4

1
9 2 3 dx x−

−
+∫  

 = ( )
03

1

9 2 3
2 3
x −

−

 +
 

× −  
 

 = 
( )

0

3
1

3
2 2 3x

−

 −
 
 + 

 

 = – 1
18

 + 3
2

 

 = 13
9

 

 = 1 4
9

 sq. units 

b   
2
3

3

cos2 d
π

π
x x∫  

 = 
2π
3

π
3

1 sin 2
2

x 
  

 

 = 1
2

sin 4
3
π  – 1

2
sin 2

3
π  

 = 1
2

 × 3
2

−  – 1
2

 × 3
2

 

 = – 3
2

 

 5  ( )
0

4 5 d
k

x x−∫  = –2 

   2
0

2 5
k

x x −   = –2 

   2k2 – 5k = –2 
   2k2 – 5k + 2 = 0 
  (2k – 1)(k – 2) = 0 

   k = 1
2

 or 2 

 6    ( )4 3

2
2 dx x−∫  

 = ( )
44

2

2
4

x −
 
  

 

 = 4 – 0 
 = 4 sq. units 
 Answer is D 

 7    ( )2 3
2

1 3 dx x
−

− −∫  

 = 
23

2
x x

−
 − −   

 = (–2 – 8) – (2 + 8) 
 = – 10 – 10 
 = –20 
 Area is 20 sq. units 
 Answer is A 

 8 a  

  

b   
6

3

1 d
2

x
x −∫  

 = ( ) 6

3
log 2e x −    

 = loge 4 – loge 1 
 = loge 4 

 9  A = ( )( )0

2
2 3 dx x x x

−
+ −∫  + – ( )( )3

0
2 3 dx x x x+ −∫  

   = ( )0 3 2
2

6 dx x x x
−

− −∫  – ( )3 3 2
0

6 dx x x x− −∫  

   = 
04 3

2

2

3
4 3
x x x

−

 
− − 

 
 – 

34 3
2

0

3
4 3
x x x

 
− − 

 
 

   = – 84 12
3

 + − 
 

 – 81 9 27 0
4

  − − −    
 

   = 8 – 8
3

 – 81
4

 + 36 

   = 253
12

 

   = 21 1
12

 sq. units 

 Answer is B 
 10  f(x) = ex – 1 

 ex graph translated down 1 
 asymptote at y = –1 
 y-intercept at 0 
 Answer is C 

 11  
22

0 0
( 1)dx xe x e x − = − ∫  

 = (e2 – 2) – (1) 
 = e2 – 3 
Answer is E 

 12  Area of rectangle = e2 –1 × 2 
   = 2e2 – 2 
  Area under curve = e2 – 3 
 Area bounded by curve and y-axis is  
 2e2 – 2 – e2 + 3  = e2 + 1 
 Answer is D 

 13  A = 
4

6
(4 )(6 )dx x x

−
− +∫  

   = 
4 2
6
(24 2 )dx x x

−
− −∫  

   = 
43

2

6

24
3
xx x

−

 
− − 

 
 

   = 64 21696 16 144 36
3 3

   − − − − − +   
   

 

   = 176
3

−  – 108 

   = 166 2
3

sq. units 

 14  2x + 3 = x2 
   x2 – 2x – 3 = 0 
 (x – 3) (x + 1) = 0 
   x = 3 and x = –1 
Answer is B 

 15  
3 2
1
(2 3 )dx x x

−
+ −∫  

 = 
33

2

1

3
3
xx x

−

 
+ − 

 
 

 = (9 + 9 – 9) – (1 – 3 + 1
3

) 

 = 9 + 5
3
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 = 10 2
3

 sq. units 

Answer is A 

16

   

 2
0

(2cos )dx x x
π

+∫  

 = 
2 2

0

2sin
2
xx

π
 

+ 
 

 

 = 2 sin 
2
π  + 

2

8
π  – 2sin 0 – 0 

 = 2 + 
2

8
π  sq. units 

 ≃ 3.23 sq. units 

 17 a y = 2
x

e  
 at x = 2, y = e 
 A = (2, e) 

b d
d
y
x

 = 21
2

x

e  

 at x = 2,    m = 1
2

e  

 m of normal = 2
e

−  

 Equation of normal at A 

 y – e = 2
e

− (x – 2) 

   y = 2 4x e
e e

− + +  

   y = –2e–1x + 4e–1 + e 

c y-intercept of normal is 40, e
e

 + 
 

 

d y-intercept of y = 2
x

e  is 1 or (0, 1) 

e 
2

2
0

2 4 d
xx e e x

e e
− + + −∫  

 = 
2

2
2

0

4 2
xx x ex e

e e

 − + + − 
  

 

 = 4 8 2 2 (0 0 0 2)e e
e e

− + + − − + + − 
 

 

 = 4 2
e

+  sq. units 

 18 a  f(x) = x loge x 

 f  ′(x) = 1
x

 × x + loge x 

   = 1 + loge x 
b   ∫ ( )1 log de x x+ = xloge x 

 1∫  dx.+ loge x∫  dx = x loge x 

   x + loge x∫  dx = x loge x 

   loge x∫  dx = x loge x – x 

c   at x = e–2 ,  f(x) = loge e–2  
   = –2 
 Height of platform = (–2) + 1 
   = 3 m 
d Area under curve 

 = ( )2

2
log 2 dee

x x− +∫  

 move curve up 2, to find area between 
 curve and x-axis 
  
 = [ ] 2log 2 e

e ex x x x −− +  

 = [ ] 2log e
e ex x x −+  

 = ( )2 logee e− +  – ( )2 2 2logee e e− − −+  

 = (e + e) – (–2e–2+e–2) 
 = 2e – –e–2  
 = 2e + e–2 sq. units 

Area of side column = 3 × e–2 = 2
3
e

 

Area of rectangle = 3 × e = 3e 
Shaded area = 3e – (2e + e–2) 
   = 3e – e–2 m2  

   = 2.58 m2 
e Volume = 20(e – e–2) m3  
   ≈ 51.66 m3 

Modelling and problem solving 
 1 a Let ( 3)( 3)y a x x= − +  

   2( 9)a x −  
   Using (0, 3), 

   

23 (0 9)
1

3

a

a

= −
−=

 

   21( 9)
3

y x−∴ = −
 

b Area ( 1
2

 of parabola) 

 Area = 
3 2
0

1( 9) d
3

x x− −∫  

   = 
33

0

1 9
3 3

x x
 − − 
 

 

   = [ ]1 (9 27) (0)
3
− − −  

   = 6 
 Area of parabola =  Area of window = 2 × 6 = 12 m2 

c 2
3

base of arch × height 

 = 2 6 3
3

× ×  

 = 12 m2 

 Therefore the area of the window is equal to 2
3

base of 

arch × height. 
d Base = 8 
 Height = 4.5 

 Area = 2 8 4.5
3

× ×  

 = 24 m2 

 2 a 2 3d 12 6
d 4
A t t t
t

= + −  
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  2 312 6 d
4

A t t t t= + −∫  

 

4
2 32

16
tA t t c= + − +  

 t = 0, A = 10 cm2 

 

4
2 32 10

16
tA t t= + − +  

 t = ?, A = 0.6 m2 = 6000 cm2 

 

4
2 32 10 6000

16
tt t+ − + =  

 
4 3 232 16 95840 0t t t− − + =  

 Use a calculator to solve for t. 
 t = 19.11 and 28.36 
 It will take 19 weeks to cover 0.6 m2

. 

b Maximum area will occur when d 0
d
A
t

=  

 

2 312 6 0
4

t t t+ − =  

 
2 38 24 0t t t+ − =  

 
2( 24 8) 0t t t− − =  

  t = 0 or 
224 24 4(1)(8)
2

t
± −

=  

 t = 23.66 or 0.3380 
 For maximum area, t = 23.66 

 A = (23.66)2 + 2(23.66)3 
4(23.66)

16
− + 10 

 A = 7473.63 cm2 
 A = 0.75 m2 

 3 0.3d 300
d

tV e
t

=  

0.3300 tV e dt= ∫  

 
0.3

0.3

1300
0.3

1000

t

t

e c

e c

= × +

= +
 

t = 0, V = $1000 
c = 0 

0.31000 tV e=  
When t = 6, V = 1000e0.3(6) 
   = 6049.65 
After 6 years the value is $6050 (to the nearest dollar). 

 
 4 0.2d

d
tN Ae

t
−=  

a 0.2 dtN Ae t−= ∫  

   = 0.2

0.2
tA e c− +

−
 

 c = 0 

 

0.2

0.2
tAN e−=

−
 

b t = 0, A = −2000 

 

0.2(0)2000
0.2

N e−−=
−

 

 N = 10 000 
c t = 2 

 

0.2(2)2000
0.2

N e−−=
−

 

 N = 6703.2 
 N = 6703 people 
d  t = 10 

 

0.2(10)2000
0.2

N e−−=
−

 

 N = 1353.35 
 N = 1353 people 
e The number of cases is modelled by an exponential 

function. N will approach but never actually reach zero. 
f N = 100 

 
0.2100 10000 te−=  

 
0.20.01 te−=  

 
log (0.01) 0.2e t= −  

 t = 23.026 
 The number of cases will be 100 after approximately 23 

years. 
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